Green’s function of the
dielectric slab



SINGLE ELEMENT GF: GEOMETRY
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SINGLE ELEMENT GF: APPLICATION

Green'’s function for the full-wave analysis of planar structures

Z

=y -

e Spectral domain Method of Moment (Mo M)

Electric Field Integral Equation (EFIE)

- Z Matrix
ij —

VA P ~EJ ~
n = [ [T (k, k)G (ki Ky )- T (K, K, Jok,dk,
Spectral dyadic Green'’s function of the electric field

due to an electric source J
~EJ A A A K = .~ Directly in the spectral domain from the

G =-aave —KKvn +5="in &, z-transmission line




SINGLE ELEMENT GF: APPLICATION

e Spatial domain Method of Moment (MoM)
Mixed Potential Integral Equation (MPIE)

Z; Z Matrix
) =
. Z, = (T,E)=—jo|(T,G ,* )+(q.K,* o))
*
Spatial Green’s functions of the vector and scalar potentials
_gxx o
A'(r):gA*J, o(r)=K,*q g’A= 0 9, O] (forplanar source)
192 9y O

Unknown in the spatial domain = Fourier double integral

1
(27)°

g(x,y;z,2) = _[ jé(kz; 2,7) e‘j(kx”kyy)dkxdky k, = \/kz —ki—kJ

—O00—00



SOMMERFELD INTEGRAL

ik x+ky y )dk ok, KK, complex plane

g(x,y;2,2) =
( m)* e

k,=k,cosa Xx=pcosg
k,=k,Sna y=psing

g(x,y;2,2) =

jé(k z,7') @ Meroe ¢)dk do k ¢ complex plane
D!

el

cos(ng

sin n¢

a(x,y,2,2) = (L- o )(

]jG(k 12,2) J,(k,p)dk,

é(kp; Z, z') Spectral domain Green’s function directly from the z-transmission line

Jn(kpp) Bessel function of first species, n-order



SOLUTION TECHNIOQUES FOR SOMMERFELD INTEGRALS

. _ generality  efficiency
* Numerical integration on Sommerfeld contour

© generality
@ computational cost

* Complex images
© efficiency, distinguished physical contributions
@ lack of generality for increasing complexity

* Numerical integration on Sommerfeld contour
© efficiency, distinguished physical contributions
® topology of the integration plane

* Asymptotic evaluation
© extreme efficiency, physical insight
® near zone deficiency, sensitive to the configuration




ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS

Assumptions:

1. horizontal dipole at the air-dielectric interface
2. single layer (no-loss) dielectric slab
3. observation in free-space

z T

Hg(kpp) Hankel function of first species, second type

G (k . ) SVl (k , ), jen (k , ) spectral voltage/current



ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS

Z-transmission line

f/’ air-dielectric

I eh Ze,h, k

%’ interface

M— P hI I I Zg" Ky
ZCC
e . -ékzkzdSin(kzdh). h _ Sln(kzdh)
k)= o) Vi(k)= ke
ie(kp): j kZd;ien((;Z;h). Ih(kp): J kz[s)i:](:zdh)

D (K, ) = £k, cos(kh) + jky sin(kyh); D" (K, ) =k cos(k4h) + jk, sin(kyh)

Ky =€, k2— K



TOPOLOGY OF THE COMPLEX Kp PLANE

1 ¢~ _ik.z
g(X’ Y, Z) zglG(kp)Hg (kpp)e - dkp

Branch cuts: Poles (guided): ¢
e sign of k, = /k*-k? * SW poles k/?N Zeros o
' D°(k,) =gk, cos(kyh)+ jk, sin(k,h);
« Hankel function * LW poles kaW | D"(k,) =Ky cos(kyh) + jk,sin(kyh)
rj‘ﬁim{ﬂ } o Top Riemann sheet Im{k,} <0
f:: :: Bottom Riemann sheet Im{k,} >0
: Y
SW poles iﬁ" S‘ﬂ.:: E’UIE:"'
' = " / \
.I \
'k / -k j : I.HE {kr-}

et ]
i y
1
HWMW JW_:VW-FJ?‘I( . ' i .

,—f’f’-} i r‘i i d
Sommerfeld g ﬁ i
Contour C fL‘W sl

b



ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS

1. Large argument expression for Hankel function

g(X, y,z)_—jG(k JHE (k,p)eedk, =

fjca(k)

2. Convenient change of variables in the complex angular plane

21 P
e
k, =kcosar p=rcosy 4{},
k,=ksinae  z=rsiny In & | )
no e jkr cos(a—7)
9(x,y,2) = ,/ G(e) dk
I \/ cosorcosy  kr

Im{a

1

g “dk,

hlghly oscillatory

N (-o0,00)

® SW poles
o LW poles



ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS

Imi{o} |
3. Deformation onto the SDP Sng
G¥ (@) =G
(@)= (a)\/cosacosy

J' SDP jkrcos(a 7)
g(Xx,y,2) = ,/ G da + g
sOP Jkr o
: — jkxcos{ x> - 0 SB n RC.‘
k2] & S.LW ;) ejkxs(l ) ’ﬂ
27 )—.— ) Resla™ " Uy~ — LS Y
I e e N L AT

4ﬂ. O \_ O

SDP: Steepest Descent Path
Res: residue of the integrand function in i-th S,LW pole Res(o™) —aﬂa@LW[éSDP(O‘)]

U: unit step function

¥ Shadow Boundary (SB) angle



ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS

Physical interpretation of residue contribution

— jkxcos(ais"‘w—y)

Jkr

SW contribution

_ cylindrical wave
exponential decay along z

pé SW . 2 sw sw 2
AAA p«%\/ \\/Aﬁ\v/?. AA k, =K"=k =—] K —k
o 0; no dumping along p
6, >0

0

LW contribution

B

If

% & %ot N tial decay al koW
4, & X /e<ponen ial decay along Im{k""}

g \ ’/ //\\‘/\

SR Yy
T "l/” A
A AT AN

dumping along p




ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS

4. Non uniform first order asymptotic evaluation of SDP integral

SDP X 7) = GSDP ejkrcos(a d Ak 1 q(z)dz
(y)M/ J_j (@) o= ()j

Asymptotic evaluation parameters
expansion

inteqgrand arqument phase function saddle point
f(2)=G™" (a); Q=kr; d(z)=—jcos(a—¢) q'(z)=jsin(a—¢)=
Z, =0, =Y
27 Ki g
g (x,y,2) = AK, T f(z)e™® = 2 Gg®P
(2= Al [ B (2)8) = L6 ()

Space (SDP) contribution

spherical wave

S =

\\\ AN ’ N\ /
AR AN 7 NN -
AN N N no dumping along p
! A\, ,/ “\ //\\ // \\\ ///




ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS

Summary of the non-uniform first order asymptotic evaluation

— jkr
e J

kr

ﬁGSDP(

9> (XY, 2) = Y)

- jkxcos(aiS'LW—y)

SLW(XyZ) + 3 FRGS( SLW) (%SB—V)e \/E

Np
g(%Y,2)=9%" (% y,2)+ >, 9> (x. ¥, 2)
i=1

e discontinuous field

 affected by singularities



ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS

5. Uniform first order asymptotic evaluation of SDP integral

g®"(x,y,2) = GEP ()e M e
(%.Y.2) 4,[«/ Mj (@)

Im{o} |

6. Wan der Waerden regularization technigue

6a. G (@)has guided (SW,LW) poles
6b. Choose of W(e) with the same poles as G™" («)

Res(ais,Lw)

(a-a>" e
29N 2
2 s}

6¢. Add and subtract the regularizing function

W () =




ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS

7. Regularization technique
G™ (a)

regular integrand first order saddle

point evaluation

SDP _ SDP SLW — jkr cos(a—y
(X,Y,2) = / j {G () - Zw } dor +
A \/E
WS LW jkl‘ cos(a— ;/)d
4\ s ﬂz | ’

closed form

J2r WY () F (1) 3%

F (.) : Fresnel transition function
}/—OJ-S’LW
u’ = 2kr sinz[ 2' j - argument of the Fresnel transition function




ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS

Summary of the uniform first order asymptotic evaluation

92" (X, Y, 2) ~ ﬂGreg (7) e v N K] iplws LW (¥)F (,le) e
kr 245 7 kr
—kacos(ais Lw 7/)

g(xy,.2)=9%"(xy,2)+ > 67" (% y.2)

i=1

e continuous field

* not affected by singularities



ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS
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An example of the compensation mechanism

Non uniform evaluation

P

total discontinuous
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ASYMPTOTIC EVALUATION OF SOMMERFELD INTEGRALS

An example of the compensation mechanism
Uniform evaluation

1.8

1.6 r=1)\

1.4 |

h=0.1A 8,:5;.2

1.9 =%
17 S, LW

0.8 voB..

.-
P
P
D-E

> Transition rg¢gion
total continuous 4J\J

X, Y, Z 21 <
g( Y ) Dlzjnifor;n\gsjp
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