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Sparsification goal:
sparsify MoM matrix [Z] without altering accuracy of solution, [Z]
Remember: sparsification=perturbation

actual ‘/@@\Error, “perturbation”

full
Effect on solution:
m < const ”52”
|7 1.

Condition number
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Sparsification options:
1) Keep conditioning K constant, increase dynamics

u < const K( ) ”éZ”

2] 2|

Lots of entries much smaller than diagonal: with a low
clipping threshold achieve large sparsity, but with low
relative error on [Z] mtx ”52"

|z

=Use orthogonal transformations (basis change)
(most wavelets and DWT do that)
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Sparsification options:
2) Improve conditioning K, increase dynamics if you can

1971 ¢ onst x(2) 17
Il 2]

Good conditioning keep solution error small even with not-so
low clipping threshold

=Do not use orthogonal transformation (basis change)

If you fix the conditioning problem, you also improve the
convergence of iterative solvers

-Convergence speed related to eigenvalue spectrum
-For a given solution error you can use a higher residual
error threshold
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’:Cn
L= s,

Far-field is smooth

Im(g(r))

E\(r)= E,(r¢,)+const(r —rg, ) +...

Z,,=Ey(re,) [dEf +const[dLf -(r—rc,)+..
S, S,,

=0 forwavelets
> 7, %0
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The multi-scale perspective
Solutions for antenna-array problems have multiple scales of variation

(= slow): (= fast):
global features near source points,
(e.g. standing waves) edges, junctions, etc.

Standard basis functions (RWG etc.) do NOT possess different scales

| Multi-Resolution (MR) basis(" |

use representation of unknowns (currents) that keeps different scales
on different subsets of basis functions

(1) F.Vipiana, P.Pirinoli, G.Vecchi, “A Multiresolution Method of Moments for Triangular
Meshes”, IEEE Trans. Ant. Prop., Vol.53, No.7, July 2005.
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The Green'’s function is a
(spatial) filter

_ . o0 00 1
exp(—jkop) I Jdkxdky exp(—jk, - p)———
IO —00—00 V kO - kt
= Spectral representation of
the Green'’s function

-4t — - =
O
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The Green’s function is a (spatial) filter

Basis functions with different spatialY
frequency content produce fields £

with different strengths

i)

Basis functions with different spatial
frequency content produce diagonal
entries of different magnitude

Z,= &, ElS,)

A a
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» MR analysis uses a hierarchical basis function set (wavelets)

Haar basis = hierarchical

“pixel” basis > non-hier:

archical

Scaling — level =0 [ %
function <
(SF) _ M1 5
8
[1 5
] 2
I [ level = 1 1 3
.‘;‘
[ $
Wavelets T g
functions |_| “é
(WL) I_II_I 3
level = 2 2
M - 5
L]
! |
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- L]
» Wavelets have resolution in space =
natural) domain:. 5
( wav)e%?s W|Hﬁ|n a same level are l_ll_l £
shifted versions of the same function [ §
=R
» Walets have resolution in spectral (conjugate) domain: %
wavelets of different levels have different occupation in the spectral domairng
space domain spectral domain E
level =0 I I level = 0%
FT .Ilfﬂ",l / level = 1;
>\ A ovel =28
level =1 / \ i g
_I | / |II III.
level =2 ] 1o \
- Computational EM for antenn: |/ /| 11
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Magnitude of diagonal entries

MR basis:

qTM-qTM sub-matrix

space domain

level = 0 | ] o8
06
level =11 ] 04
|
level =2 ] 02
L]
% o 40 60 8 100 120

Entries index

MR functions of different levels have diagonal entries of different
magnitude

Pixel basis functions have diagonal entries almost all equal

Computational EM for antenna analysis 12

a( e E:ﬁ MR MoM for 3D

© distribution forbidden without written consent of author




Politecnico di Torino

Pixel basis (diagonal entries almost all equal): almost no effect

MR basis (diagonal entries have different magnitude)
Potential strong effect
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1) Wavelets of different levels have different level of detail:
define them on cells of different size = construct a multi-
scale system based on a family of different meshes of the
same structure

25 funct_i,ons"/

PE
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Each j-level MR function nu:> ilr?:?rl :\?g:tgr\}sgc;n of

Each j-level RWG [][]|:> linear combination of
(exact reconstruction) the (j+1)-level RWGs

j-level RWG (j+1)-level RWGs

X/ L

linear combination of RWGs
of the “pixel level” (last level)

© distribution forbidden without written consent of author

MR basis functions of all levels [[]
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1) Handle coarsest mesh
separately, use to define
scaling functions (very

> define a set of basis functions on coarse mesh
» non-unique choice
» Simplest: RWG of the mesh

different properties) j=0 g
Resolution j Coarse 5
[ . <

Fine g

Vi=V,oW, oW, 0 W, ®..0W,, :

— _ 2

| ~ g

Scaling functions «Wavelets» 5
:
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Lasarmtane Amanes &
Crmpabiod 1 £ asbarragaticn

On non-separable geometries, vector components are not
separable (e.g. RWG)

Need a mapping from vector to scalar that “survives” on
triangular grids.....

Then, define MR basis on scalar fields, and then come back to
vector

© distribution forbidden without written consent of author

The charge density! V _-J _  (r)=—jowoc(r)
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Observe that
VS 'lsolenoidal (K) =0 ::> isolenoidal(l) =nx VSS(K) g
If we use the solenoidal extraction, the Scalar E
solenoidal part is mapped exactly onto a field g
scalar field 2
2
But: we also need the non-solenoidal Vq ,Jnon_s()l (r)#0 £
part (e.g. stars)... S - 5
Can we map the non-solenoidal part to a 5
scalar field? 5
E

(inversion charge — current is non-trivial; easier to

understand on our wavelets: see later)
Computational EM for antenna analysis 18
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Haar wavelets are very simple and flexible, but can handle only
piecewise-constant functions
Good for the charge, need extension to triangular mesh (easy)

Solenoidal part

lsolenoidal (K) = ﬁ X VsS(K)

RWG, rooftops Piece-wise S 57
linear 6— X343
~

Need simple wavelets for this class
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Lazy Wavelets (1)

» proposed by W. Sweldens in “The lifting scheme: A construction of

second generation wavelets,” SIAM J. Mathematical Analysis, vol. 29,

no. 2, pp. 511-546, 1998.
» simply a subset of scaling functions
» improved by the “lifting scheme”

» adaptive to general shape domains (2D, non-separable)

» (very) low computational cost
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Lazy Wavelets (2)

<+— Scaling functions

2 00 N, 1D case
AN R Wavelet functions
s 0 /N . Fu N R

VA . v
& . /\ i

1|r; A . =2 A
5 . >
&% ——— /\ — > ll’,? /N
, + >
%, W7 /\

= 13 >
® ' W: ——————d N »
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solenoidal current, “TE” (loops) ‘ (node-based)

» generation of a sequence of multilevel node grids:
—> each j-th level cell - divided in 4 (j+1)-th level cells

2> ®="“new”’ innernodes X = ‘“old” inner nodes

j=1level j=2level j=3level
1 new inner node 1 old inner nodes ) 4 old inner nodes
4 new inner nodes 20 new inner nodes

Computational EM for antenna analysis
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Lazy Wavelets: TE basis

level 1

@ - selected inner
nodes for each
level

— = TE vector

£
=]
©
k]
€
@
2
8
. c
function 5
H
=1
2
2D case H
13 1) b5
‘0\\;1 o E3ES 3
0\‘: s 308 'g
. i :Qil\u\ <
» i 'S L
‘o};‘ IR O0E S8 ;:\'\::: E
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Lazy Wavelets: TE basis

» around each new j-level inner node
generation of the TE functions:

scalar solenoidal potential vector current function

&
ARX

Computational EM for antenna analysis
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Extension of Haar to triangular cells
» generation of a sequence of multi-level cell grids:

- each j-th level cell > domain of the (j+1)-th level mesh

- on each (j+1)-th level domain - four-cells grid

j level j+1 level
1 domain 4 d&
4 cells 4x4 cells

Computational EM for antenna analysis 25

a( e E:j MR MoM for 3D

Politecnico di Torino

» on each triangular domain

1. Construct “charge matrix”
q;= charge (div) of basis function #] (i.e. edge #) into cell #i

el e2 e3
c1 X
© c2 X X X
€ e2 c3 X
ci c3 c4

2. SVD([q]) defines the 3 non-zero
independent “charge” states

[v,], k=123 &‘I

Computational EM for antenna analysis 26
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From charge to (non-solenoidal) current, on a h
triangular cell

alved

L

Recall §

[q][/l I=lc]

Current Coefficients of div J, %

coefficients of J  1-€. charge density distribution on E

mesh g

N yoes =3 5

edges L

(¥, 1= (pinvg]Jy,]

Ncells =4 é

[a]
| Computational EM for antenna analysis 27

3( e < MR MoM for 3D

s Politecnico di Torino

scalar charge function vector current

f

Computational EM for antenna analysis
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function

[¥, 1= (pinvig])w,]

“qTM” (quasi-
irrotational)
wavelets

28
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MR “basis change” matrix [ <] [ efficient preconditioner 2

@ RWG

highly sparse matrix " T RS A SRR | G TM j=1

50, ——

1007,
No. of zero-elements = 94.5 % e
200}
MR | 250!
300/
30| _
w0
ol

500/
[ 100 200 300
Computational EM for antenna analysis
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qTM j=2

qTM j=3

TE j=1-2
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i
\,1

max

» Condition number of the [Z] matrix = ﬂ,l. = i-th eigvalue

» Convergence: number of iterations with the Conjugate Gradient(") (CG)
tolerance=10+

no. of matrix entries < threshold

> % sparsification index: 77 = total no. of matrix entries $100

-,

» % sparsification error on the current = W 100
2

[]] -> solution with the full matrix [7] -> solution with sparsified matrix

© distribution forbidden without written consent of author

1 P. Sonneveld, “CGStdnfashlieurs fosityrasahearelysionsymmetric linear system”, 31
By L5 &STat, Comput., VoMHMéM topBI36-52, Jan. 1989.
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MR performace compared with:
> Rao-Wilton-Glisson (RWG) basis basis )

after a Diagonal Preconditioning (DP) of the [ Z ] matrix

Loop function Star function Star function

() S.M. Rao, D.R. Wilton, A.W. Glisson, “Electromagnetic Scattering by Surface of Arbitrary Shap
IEEE Trans. on Antennas and Propagation, Vol.AP-30, No.3, pp.409-418, May 1982.

© distribuffén forbidden without written consent of author

(@) G. Vecchi, “Loop-Star Decomposition of Basis Functions in the Discretization of the EFIE”,
IEEE Trans. on Antennas and Propagation, Vol. AP-47, No. 2, pp. 339-346, Feb. 1999.

() D.R. Wilton, “Topological considerations in surface patch and volume cell modeling of

electromagnetic scatters”, UR&MH?BI e amaai m Santiago de Compostela (§pain),
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Condition number - square plate

10" : Sl — L=30cm
. —e— RWG with DP PR 5
N e RWG without DP 2
10+ N | =~ SLwith DP i 2
o -e-- SLwithout DP 5
2 N —— MR with DP =
o 3= | =* MRwithout DP ] s
10]0‘ \\\\ e
3 ko]
] "”\ g
107 | \\.‘ 3
> £
s E
10 [ A A d d, . ) S
«— g
10 A=5cm  Square plate 2
96 functions c
2 S
10° - =1
2
1o , , | _i— typical range for 2
w0 1w’ w® w* 1wt o 10 1w'  antenna problems ©

W.L. Wu, A.\W. Glisson, D. Kajfez, “A study of two numerical solution procedures for the electric field

integrat-equation at low frequeGoyipWi@EGaYENiov anga®aViohlykds No. 3. 33
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8 Condition number - single dipole
10 T T T T T T T T
10’} !
! &
" J excitation 10
> Tpaint
ate ‘I*\. a “~-;__;__ 5
infinite ground™ T Z. 10
plane T e
4
Dipole antenna 10 _ RWG E
125 functions N N ’ oo oo—o0-0
. . 10
RWG = Rao-Wilton-Glisson basis
MR = Multi-Resolution basis 10° MR
10‘ 1 i 1 1 1
1600 1700 1800 1900 2000 2100 2200 2300 2400 2500
Frequency (MHz)
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107

L.

'Eo:' ! < o~
oo
oue?
(1] .l
o8
e oo e
infinite pasaim) po3
ground plane

Loop antenna excitation
p point

101 functions

Condition number - Loop-antenna

MR

. . _'_—'-H_,_.-——.

¥ —
10
1300

a(ie <,
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1400 1500 1600 1700 1800 1900 2000 2100 2200
Frequency MHz
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single dipole
125 functions

e

A
2X2 array
500 functions

350
mli\ '.I QW' B i ~RWG 2X2 array
i N, Ed \‘ N
,{?{:{- ~ 2 -l' f-j lll"‘l! \g}! mﬂv G\E?Losifgle
AN S ol 200
{‘*"i%}
> *%d%‘ RWG single

W

"%»‘f* "8X8 array
8000 functions

| _\»—W%aﬁhemw&&aef” S0

50T

0 L
1600 1700

S e -
b v o s r R e T E R EE

1900 2000 2100 , 2200 2300 2400 2500

-
g

e

-

FR—— L i ol -

"\-5_‘MR 8X8/array

MR 2X2 &rray

1800
Frequency (MHz,
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excitation
, point

g5 Single element
F 640 functions _
M5 -- S
oo Number of iterations - CG - tol.=10"*
oms“\ . ! !

p O

%@
infinitd s, e 00
ground o010 X
plane

6X6 array — 23040 functions

" e T T
T e i e

- MR
e e s o

; ; . | ﬁ_ . . . MR
om% % E E g § mas %fl or an[i:nu unul;'?s‘:s freque%gy GHz * o o1 ®

[-1:-3 00‘ 006 1] [}
' 1R MoM for 3D
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excitation
point Lo
Log-Periodic antenna

Number of iterations - Log -Periodic antenna

2500
RWG - 2152 fnc
/p --------- DA R -~
2000 - :
i RWG - 488 fnc‘
488 functions
2 levels

5001 MR — 2152 fnc

© @Istripution Torpiaden WItnout written consent or autnor

=¥ MR - 488 fnc
. 2152 functions goa 1000 1200 1400 16I00 13'00 2000
o 3levels Frequency MHz
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excitation
point

bowtie antenna
123 functions

a(ie <,

of the 8X8 array

conservative threshold
for the reference solution

20 40 60 80
n %

Computational EM for antenna analysis
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- 7 | excitation
L
infinite ground*” e e
Single dipole
125 functions

a(ie <,

% Error on the current - freq. = 2050 MHz - Dipole

MR

conservative threshold
for the reference solution
of the 8X8 array

20 40 60 80
1 %

Computational EM for antenna analysis
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hoes Ll

-
oos N
oo e
a0 TS~
am s

infinite
ground plane

excitation

Loop-antenna ¢
point

101 functions

mmqee5

IS, dB- Zm=50 (2 - Loop-antenna

REF.

10 | RWG - n=7.6%
| ~o RWG-n=176%
| -+ RWG -1=28.3%
12+ | -«-- RWG - 1=46.8%
| -+ RWG - n=62.5%
-14 | -+ MR -n=52.0%
| v MR-1=62.7%
11%00 1400 1500 1600 _1700 1800 1900 2000 2100 2200
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S parameters dB - Zre[=50 (1 - Bowtie 8X8 array

X PEPZINE

o PAXPIX DX DX IS+41
o PA X PAXPAX PA X
P E I
PHEHMIMEINIZ

w PHAX P PIXPAX

HODUE P4 X A X P X

P XXX P X

2k, 1c 312 0;3 03 04 05 08 a7 08 Q8

Bowtie 8X8 array

7872 functions e

n = 96.5% ( Reference ) 2 / HHH“““&-_ IS,
----- 1n=99.0% ) I N S S R e
900 1000 1100 1200 1300 1400 1500
with MR basis Frequency MHz
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—— 17 =94.1% ( Reference ) 5 S-paramelers dB - Z-ref=50 C - dipole 4X8 array

_____ 77 297.6% \ |S1,1|
— = =99.1% I |
y =10+ s, .
with MR basis < o T ' A 1S4l
A5 N
\\
S T _\‘\ =¥ '_'731
—20.;‘ — i Neoee L __...|S1’5|
s, - T
] : I8
oo 1900 ZUboFrequeﬁgso(MHz) 2200 2300 2400
e ¢ Dipole 8X8 array
135 8000 functions
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o

. Horizontal plane directivity dB - freq.=1 GHz - Bowtie 8X8 array
oI[pa X b X > X[ X ' [t o]
o P X P X P X X 15 -~ =5 107 (1=992 %)

a=10" =97.7 %

o DA X P4 X P4 X DX ‘— 0=10"* g:=se.2 %;
ST ETHE X O ' '
X XXX

o PAX BT X X

a1 M X M X M X M X s

o PG X P X P4 X X .
U7 > a1 oz 03 04 05 06 07 08 a4

Bowtie 8X8 array -10

7872 functions s

with MR basis . i . .

a = threshold 2% 10 20 30 nggl 50 60 70 80
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Vertical plane - |[E| dB - freq.=2100 MHz - Dipole 4X8 array

Dipole 8X8 array
8000 functions

.5; [— a=10"? |1=94.1é€:
| === =10%% n=07.6%
=== 0=107  1=99.1%

with MR basis
o =threshold
Computational EM for antenna analysis 45
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University of Florence
Applied Electromagnetic Lab

» Code example: the applied to a
non-canonical grid by using the
(canonical grid = rectangular uniform grid)

&

» Propeties of BMIA/AIM:
O(32M +1)Nlog(2N))
Standard MoM  O(N?)

Single level FMM  O(15N"? )

N = number of RWG
M = Taylor Green function expansion order

o

MoM

n

FMM

number of operapiong (x10°7)
plong, (xlf
E

o w

M=2
5000 10000 15000 z0000
nunber of unknowns

o

» Basic limiting factor of BMIA/AIM: convergence of iterative solver

© distribution forbidden without written consent of author

» Improvement: using the MR “basis change” matrix [ fMR ] as an efficient
preconditioner of BMIA/AIM.
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MIMEIMEIMINMX
PAXIMI M I I MX
MEIMEIMHMEIMINMX
NP € P D DD ¢

e ) DEEMI NI MI KX

E L1 Rcauc \® & N x N x
, M X DX M E M ENX
i eess MoM X MXMX
0 =— BMIA/AIM-MR MIXMNI
-6l

0 L. —
09 092 094 096 098 1 102 Lo4 106 LOB 11

Frequency [GHz|

1

-6l L
0.9 092 094 0.9 098

-

- -60) p

1102 o4 1oe Loz 111108 o9 092 094 096 098 1

Frequency |[GHe|
»

Resistance

win oM for oo

102
Frequency [GHz|

Reactance

LO4 106 108 |_l47
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#of bow- | antenna Unk- Z* non zero FFT-213 Z7 filling | MR basis - Prec MR Ram
surface nowns points time CG iter. time Mb Mesh f0r
2x4 21677 6 % 64 447 66
1x8 | 961A [ 7 : 2397 209 BMIA/AIM-MR
5% 10 | 153457 | 1 308" 497
6% 12 a2 | ity 726
Tx 4 | 208837 | 24,108 54" 1002
Bx 16 | 302747 | 31,488 2066 % 256 | 1156" 1479
i of baw- antenna Unk- N0 ZeTo FFT-2D Z* fillimg | MR basis - Prec Diag Ram
ties pairs surface THWTES elements points time CG iter. time Mb
2w d L, 98 2, 540, 32 B4 = Gl B 0427 G2
4% 8 T.872 14,084,712 | 128 x 128 2397 2207 248
5w 10 12,300 | 2 4,258 | - 308" 160" A0
fi 12 17,712 G4 6.21" 502
T4 24, 10 #a" 8207 s
8% 16 31,488 1156 10.34" 1064
b
i of bow- antenna Unk- 2% nen zero FFT-2I» Z* filling | Stand basis - Prec Diag | Ram ( )
ties pairs surface nowns elements points time CG iter. time Mb
2x4 2,16 M7 1,936 2,487,020 64 % 6l 47" 042" 61
4% 8 961 A2 7,744 | 13,806,956 | 128 » 128 263" 216" 241 | <—
5% 10 15.34 0% | 12,100 » 256 438" 4.55" 397
Gx12 | 220002 34,212,460 | 256 % 256 | 6637 6.07" 573
Txld | 208847 » 20 a57" 8.08" TRG
8 x 16 27\ » 256 1273" 11.00" 1033 Mesh for

Taylor Green function expansion order = 3 (err. = 2%)

A FFT = M20 colfigais@dniiEM fefttenna analysis
e E‘ﬂ)

MR MoM for 3D

standard
MoM 48
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University of
Florence

BRRYfShagnetic Lab
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Summary of performance

Consider largest case, 8x16 pairs, 30,000 unknowns

BMIA with standard RWG
Total time(: 1273” (fill [Z] ) +2742*11"=31,435"= 8h 44’

BMIA with MR
Total time(": 1156” ( fill [Z] ) +155*14"=3,326"=55" 30"

() using a Pentium Ill — 700 MHz
Computational EM for antenna analysis 49
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